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ABSTRACT
We present a model for supersymmetric Yang-Mills theory in 10+2 dimensions. Our
construction uses a constant null vector, and leads to a consistent set of field equations
and constraints. The model is invariant under generalized translations and an extra gauge
transformation. Ordinary dimensional reduction to ten dimensions yields the usual super-
symmetric Yang-Mills equations, while dimensional reduction to 2+2 yields supersymmetric
Yang-Mills equations in which the Poincare´ supersymmetry is reduced by a null vector. We
also give the corresponding formulation in superspace.
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1. Introduction
It has been proposed by Vafa [1] that the Type IIB and the Type I or SO(32) heterotic
strings which do not admit a direct M-theory unification in 10+1 dimensions, may in fact
arise from a unifying theory in 10 + 2 dimensions, called F-theory. This picture emerged
in the analysis of certain Type IIB string vacua. In a somewhat related fashion, Hull [2]
has also proposed a twelve dimensional (12D) picture, but in 11+1 dimensions. In another
development, Tseytlin [3] has suggested that the worldvolume vector fields of the Type IIB
Dirichlet three-brane in 10D may provide two extra dimensions to imply a three-brane in
12D with (11, 1) signature. This idea has been realized [4], at least in the bosonic sector, and
without the full 12D Poincare´ invariance.4 However, the relation between the conjectured
12D theories with (11, 1) versus (10, 2) signatures is not clear at present.
As far as a three-brane in 10+2 dimensions is concerned, the possibility of its existence
was conjectured some time ago by Blencowe and Duff [5], on the basis of matching bose
and fermi degrees of freedom. There is a subtlety, however, in 10 + 2 dimensions, namely
the minimal chiral superalgebra with 32 component Majorana-Weyl spinors takes the form
{Qα, Qβ} = (γµν)αβ Pµν + (γµ1...µ6)αβ Zµ1...µ6 , (1)
where the 66 generators Pµν and the 462 generators Zµ1...µ6 have only nonvanishing com-
mutators with the Lorentz generators Mµν , and the Dirac γ-matrices are chirally projected.
(For a discussion of how this algebra might play a role in the classification of perturbative
and nonperturbative multiplets of string theory, see [6].) Now this algebra does not contain
the usual translation generators. Therefore, one does not expect a Poincare´ invariant field
theory of the usual kind, and strictly speaking the usual argument about d − p − 1 trans-
lational zero modes does not really hold. Nevertheless, there may indeed exist evidence for
the conjecture of [5], in view of some recent developments to which we now turn.
In an attempt to give a concrete description of M-theory based on [7], Kutasov and
Martinec [8] have proposed an N = (2, 1) superstring theory, where the left movers with
local N = 2 worldsheet supersymmetry live in 2 + 2 dimensional target space, and right
movers with local N = 1 worldsheet supersymmetry surprisingly live in 10 + 2 dimensional
4Long ago Nahm [9] showed that supergravity theories are impossible in more than 10 + 1 dimensions,
and supersymmetric Yang-Mills theories in more than 10 + 1 dimensions, because higher spin fields set in.
In [10], it was shown that although the bose and fermi degrees of freedom could be matched in 11 + 1
dimensions, no corresponding supergravity model existed. The lack of full 12D Poincare´ invariance can
avoid these problems.
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target space [7]. Thus the geometrical spacetime can at most be 2 + 2 dimensional. There
is however a null vector in the construction, which can be chosen in two different ways,
corresponding to 1 + 1 or 2 + 1 dimensional target space. The resulting 1 + 1 and 2 + 1
dimensional target space theories are then proposed to be the worldvolume theories for a
10D superstring or 11D supermembrane. Just as there is an underlying 2 + 2 worldvolume
with two kinds of null reductions, the target space of the resulting extended object is
also conjectured to be 10 + 2 dimensional with different kinds of null reductions. In [8],
it is furthermore speculated that the relevant worldvolume theory may involve a 10 + 2
dimensional Yang-Mills theory, presumably reduced to 2 + 2 dimensions. Motivated by
these developments, and as a first step towards the investigation of supersymmetric field
theories in 10+2 dimensions, in this paper we present a model of supersymmetric Yang-Mills
theory by utilizing a constant null vector. The usage of a null vector nµ in our construction
results in a modified form of the algebra (1), namely
{Qα, Qβ} = (γµν)αβ nν Pµ . (2)
Due to this constant null vector throughout the formalism, the model will lack the full
Poincare´ invariance in 10 + 2 dimensions. The model has a generalized translational and
extra gauge invariances, and it reduces to the 10D supersymmetric Yang-Mills system upon
ordinary dimensional reduction. If we relax the assumption of ordinary dimensional reduc-
tion, the model curiously reduces, modulo global matters that may involve Wilson lines, to
the 10D supersymmetric Yang-Mills equations depending only on one combination of the
two extra coordinates, in addition to the 10D coordinates.
In what follows, we will first describe the model. We will then examine its dimensional
reduction to 9 + 1 and 2 + 2 dimensions, followed by the superspace formulation of the
model, and our conclusions.
2. Supersymmetric Yang-Mills Model in 10 + 2 Dimensions
The field content we consider is the same as 10D supersymmetric Yang-Mills multiplet,
namely a real vector Aµ
I in the adjoint representation, and a Majorana-Weyl fermion
λI with the positive chirality, γ13λ
I = +λI , also in the adjoint representation labelled by
the indices I, J, ···. We propose the following supersymmetry transformation rules:
δQAµ
I = ǫ¯γµλ
I , (3)
δQλ
I = 1
4
γµνρǫFµν
Inρ , (4)
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where nµ is a constant vector. The Dirac γ-matrices obey the SO(10, 2) Clifford algebra,
and the signature of spacetime is taken to be (− + + · · · + −). Note that γµ flips the
chirality, and that the supersymmetry parameter and the gauge fermions have opposite
chiralities. The above ansa¨tze for the transformation rules are motivated by the chirality
properties of the fermions and the requirement of translation emerging in the commutation
of two supersymmetry transformations. These requirements also allow the possibility of
taking the supersymmetry parameter and the gauge fermion to have the same chirality, and
the introduction of the constant null vector in δQAµ. However, we have realized that in this
case the closure of the supersymmetry algebra imposes too strong conditions on the fields
to allow acceptable set of equations. In particular, we obtain the constraint n⌊⌈ ρ Fµν ⌋⌉ = 0,
which is clearly too strong.
Our guiding principle now is to establish the closure of the supersymmetry transforma-
tion rules (3) and (4). In what follows, we shall first describe the full system of equations
of motion, constraints and symmetries, which together with (3) and (4) characterize fully
our model. Next, we shall explain the derivation of these equations.
To begin with, the constant vector nµ must satisfy the condition
nµn
µ = 0 . (5)
The Yang-Mills field obeys the field equation
DµF
µ⌊⌈ ρInσ ⌋⌉ +
1
4
f IJK
(
λ¯Jγρσλ
K
)
= 0 , (6)
and the constraint
nµFµν
I = 0 . (7)
The gauge fermion obeys the equation
γµDµλ
I ≡ γµ
(
∂µλ
I + f IJKAµ
JλK
)
= 0 , (8)
and the constraints
nµDµλ
I = 0 , (9)
nµγµλ
I = 0 . (10)
The whole system is invariant under the supersymmetry transformations (3) and (4), the
usual Yang-Mills gauge transformations and the following extra local gauge transformation
δΩAµ
I = ΩInµ , (11)
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subject to the condition
nµDµΩ
I(x) = 0 . (12)
The commutator of two supersymmetry transformations yields a generalized transla-
tion, the usual Yang-Mills gauge transformation and an extra gauge transformation with
parameters ξµ, Λ, Ω, respectively, as follows:
⌊⌈ δQ(ǫ1), δQ(ǫ2) ⌋⌉ = δξ + δΛ + δΩ , (13)
where the composite parameters are given by
ξµ = ǫ¯2γ
µνǫ1 nν , (14)
ΛI = −ξµ AµI , (15)
ΩI = 1
2
ǫ¯2γ
µνǫ1 Fµν
I . (16)
Note that the global part of the algebra (13) is given by (2).
We now explain the derivation of the above equations. First, we note that the su-
persymmetry transformations close on the gauge field as in (13). Next, we find that the
commutator of two supersymmetry transformations on the gauge fermion yields the result
⌊⌈ δQ(ǫ1), δQ(ǫ2) ⌋⌉λI = ξµDµλI − 132 (3γρσ
τ − 8γρδτσ) nτζρσ D/λI
− 7
16
γρn/Dσλ
Iζρσ + 3
32
γρσn
µDµλ
Iζρσ
− 1
32(6!)
γνγρ1···ρ6
(
n/Dνλ
I − nνD/λI
)
ξρ1···ρ6 , (17)
where ξµν ≡ (ǫ¯2γµνǫ1), ξµ1···µ6 ≡ (ǫ¯2γµ1···µ6ǫ1), n/ ≡ γµnµ and D/ ≡ γµDµ . In obtaining
the above result, we have used the Fierz identity for four Majorana-Weyl spinors of the
same chirality in 12D:
(
ψ¯1ψ2
) (
ψ¯3ψ4
)
= − 1
32
∑
i
(
ψ¯1Oiψ4
) (
ψ¯3Oiψ2
)
,
{Oi} ≡
{
I, i√
2!
γµν , 1√
4!
γµ1···µ4 , i√
6!
γµ1···µ6
}
, (18)
and the following γ-matrix identities
γµνργστγµ = 6γστ
νρ + 32δ⌊⌈ σ⌊⌈ νγτ ⌋⌉ρ ⌋⌉ − 20δ⌊⌈ σνδτ ⌋⌉ρ , (19)
γµγν1···ν6γµ ≡ 0 . (20)
From (17) we see that the first term is the translation δξ and gauge transformation δΛ
consistent with (13), while the second, the third and the last term vanish on-shell, when the
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λ -field satisfies the field equation (8). The two terms proportional to n/ vanish by imposing
the constraint (10), and the remaining term proportional to nµDµλ
I vanishes by imposing
the constraint (9). It follows from (10) that the constant vector nµ must be null, i.e., it
must satisfy (5).
We next check the invariance of the field equation (8) and the constraints (9) and (10)
under supersymmetry and extra gauge transformations. By varying (9) we obtain
δQ(n
µDµλ
I) = 1
4
γρστ ǫ
(
−2DρFσµI
)
nµnτ + f
IJKλK
(
ǫ¯n/ λK
)
, (21)
where we have also used the usual Bianchi identity D⌊⌈µFνρ ⌋⌉I ≡ 0. Now the second term
vanishes under (10), while for the first term to vanish, we need the new constraint (7).
Similarly the variation of the constraint (10) yields
δQ(n
µγµλ
I) = 1
2
γνρǫFσν
Inρn
σ + 1
4
γµνǫFµν
Inρn
ρ , (22)
which vanishes due to (7) and (5).
The δQ -transformation of the constraint (7) is easily confirmed:
δQ(n
µFµν
I) =
(
ǫ¯γνn
µDµλ
I
)
−
(
ǫ¯Dνn/λ
I
)
= 0 , (23)
thanks to (9) and (10). As for the Yang-Mills field equation (6), it follows from the
δQ -variation of the λ
I -field equation (8):
0 = δQ
(
γµDµλ
I
)
= 1
2
γρσǫ
[
DνFν⌊⌈ ρInσ ⌋⌉ +
1
4
f IJK
(
λ¯Jγρσλ
K
)]
, (24)
where we have used the constraint (7), together with the Bianchi identity for Fµν . We have
checked that a further supersymmetric variation of the Yang-Mills equation (6) vanishes
modulo the gauge fermion field equation (8), and the constraints (7), (9) and (10).
At this point we have checked fully the supersymmetry of all the equations of motion
and the constraints. However, we still need to check the invariance of these equations under
the extra gauge symmetry (11). Obviously, the constraints (9) and (10) are invariant under
these transformations, while the variation of the constraint (7) yields
δΩ
(
nνFνµ
I
)
=
(
nνDνΩ
I
)
nµ −
(
DµΩ
I
)
nνnν . (25)
The last term vanishes due to (5), while the vanishing of the first term requires the condition
(12). The invariance of the gaugino equation (8) is obvious due to the condition (10).
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Finally, we have also checked that the Yang-Mills equation is invariant under the extra
gauge transformation (11), thanks to the constraints (7) and (12).
To summarize, we have the supersymmetric Yang-Mills multiplet with the supertrans-
formation rule (3) and (4), and their field equations (8) and (6). We need the null-vector
nµ and other constraints on the fields given in (7), (9), (10) and (5). The on-shell closure of
the gauge algebra is guaranteed to produce the translation as well as the extra gauge trans-
formation (11) with the condition (12) for its parameter. The extra gauge transformation
commutes with supersymmetry.
3. Dimensional Reduction to Ten and Lower Dimensions
In this section we shall use hats for the fields and indices in 12D, to be distinguished from
the unhatted ones in 10D. We choose our coordinates to be (x̂0, x̂1, · · · , x̂9, x̂11, x̂12) with
the metric (η̂µˆνˆ) = diag. (− + · · · + −). The 12D γ-matrices satisfy {γ̂µˆ, γ̂νˆ} = 2η̂µˆνˆ . We
can choose the γ-matrix to be
γ̂µˆ =

γ̂µ = γµ ⊗ σ3 ,
γ̂11 = I ⊗ σ1 ,
γ̂12 = −I ⊗ iσ2 .
(26)
Here I is the 32× 32 unit matrix and the σ’s are the Pauli matrices and γµ are the 32× 32
γ-matrices in 9 + 1 dimensions. The charge conjugation matrix can be chosen as
Ĉ = −γ̂0γ̂12 = γ0 ⊗ σ1 ≡ C ⊗ σ1 , (27)
where we have identified γ0 with the charge conjugation matrix C in 10D. Both Ĉ and C
are antisymmetric. Next, we define the matrix
γ̂13 ≡ γ̂0γ̂1 · · · γ̂9γ̂11γ̂12 = γ11 ⊗ σ3 , (28)
where γ11 ≡ γ0γ1 · · · γ9. Finally, we choose the null-vector as(
n̂µˆ
)
= (0, 0, · · · , 0,+1,−1) , (n̂µˆ) = (0, 0, · · · , 0,+1,+1) . (29)
Even though this form looks special, we can show that starting with an arbitrary null-vector
n̂′µˆ, we can always utilize orthogonal transformations within the two compact sub-manifolds
to bring its components to the standard form (29).
We are now ready to analyse the null reduction of our field equations and constraints. To
begin with, the constraint (10) implies that σ+λ̂ = 0, where σ± ≡ (σ1 ± iσ2)/
√
2. Together
7
with the 12D chirality condition, this implies that we can write λ̂ as
λ̂ =
(
λ
0
)
, γ11λ = λ . (30)
Hence, the gauge fermion λ is a Majorana-Weyl spinor of SO(9, 1) as it should be in 10D
supersymmetric Yang-Mills theory. For simplicity in notation, we shall use the matrix
notation for the gauge field and gauge fermions, in the rest of the paper.
Using (29) and (30), we see that the remaining constraints given in (7) and (9) can be
expressed as follows:
F−+ = 0 , F−µ = 0 , D−λ = 0 . (31)
where we have used the coordinates x± ≡ (x11 ± x12)/√2. Using (30) and (31), we easily
find that the field equations (6) and (8) take the form
DµFµν − λ¯γνλ = 0 , γµDµλ = 0 . (32)
Furthermore, the supersymmetry transformation rules (3) and (4) take the form
δQA± = 0 , δQAµ = ǫ¯γµλ , δQλ = 12γ
µνǫFµν . (33)
Our model is also invariant under the following local Yang-Mills and extra gauge transfor-
mations:
δA+ = D+Λ+ Ω , D−Ω = 0 , (34)
δA− = D−Λ , (35)
δAµ = DµΛ , δλ = −⌊⌈Λ, λ ⌋⌉ . (36)
It is interesting to note that we have obtained the 10D supersymmetric Yang-Mills
equations (32) and supersymmetry transformation rules (33), without any assumption on
the dependence of the fields on the extra two coordinates x±.
Considering the so called ordinary dimensional reduction, we set ∂+ = ∂− = 0. In that
case, using the local Ω transformations we can gauge away A+. Then, the first equation in
(31) is satisfied, while the second one reduces to DµA− = 0. From this equation we deduce
that A−=0. Then the last equation in (31) is also satisfied, and the full system of equations
of motions and symmetry transformations reduces precisely to the 10D supersymmetric
Yang-Mills system.
If we do not assume independence of fields of the coordinates x±, we find that we
can gauge away the fields A±, modulo global issues, by using the first constraint in (31),
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together with the Ω gauge transformation (34) and the x− dependent part of the Λ gauge
transformation. Furthermore, using the second and third constraints in (31), we observe
that the fields Aµ and λ depend on the 10D spacetime coordinates and x
+ alone.
In summary, we obtain the 10D supersymmetric Yang-Mills system with an arbitrary
dependence on the extra coordinate x+. From the 10D point of view, we can interpret the
coordinate x+ as the affinization of the Yang-Mills gauge group. We shall comment further
on this point at the conclusions.
Let us now consider the ordinary dimensional reduction of the 12D model down to 2+2
dimensions, where we will see that the coordinates x+ will have a different significance, since
they will be treated as part for the 2 + 2 dimensional spacetime. We label the coordinates
as x̂µˆ = (xµ, xi) with µ = 0, 1, 11, 12 and i = 2, ..., 9, and set ∂i = 0. We work with the Dirac
γ-matrices: γ̂µ = γµ ⊗ I and γ̂i = Γ5 ⊗ γi, where γµ and γi are the SO(2, 2) and SO(8)
Dirac matrices, respectively: Γ5 = γ0γ1γ11γ12, and I is the 16 ⊗ 16 unit matrix. It follows
that γ̂13 = Γ5⊗Γ9 with Γ9 ≡ γ2 · · · γ9 and Ĉ = C⊗ I, where C is the antisymmetric charge
conjugation matrix in 2 + 2 dimensions.
The 12D chirality condition on the gauge fermion becomes Γ5Γ9λ = λ. This means that
in 2 + 2 dimensions we have a left-handed spinor in the 8S representation of SO(8), and
a right-handed spinor in the 8C representation. These make up 32 real components. The
null-ness condition (10), and the Dirac equation further reduce the number of degrees of
freedom to 8, which is to be expected in an N = 4 supersymmetric Yang-Mills multiplet in
4D. Note that the chirality condition Γ5Γ9ǫ = −ǫ implies that the left-handed parameters
are in the 8C representation of SO(8), while the right-handed parameters are in the 8S
representation.
Defining Ai ≡ φi and choosing the null-vector as
(nµ) = (0, 0, 1, 1) , (ni) = (0, ..., 0) , (37)
we find that the field equations of 10+ 2 dimensions reduces to 2+2 dimensions as follows:
DµF
µ⌊⌈ ν nρ ⌋⌉ − ⌊⌈φi,D⌊⌈ νφi ⌋⌉nρ ⌋⌉ + 12 λ¯γνρλ = 0 , n
µFµν = 0 ,
DµD
µφinν + ⌊⌈φk, ⌊⌈φk , φi ⌋⌉ ⌋⌉nν − λ¯γνγiΓ9λ = 0 , nµDµφi = 0 ,
γµDµλ+ γ
i⌊⌈φi, λ ⌋⌉ = 0 , nµDµλ = 0 , nµγµλ = 0 . (38)
These equations are invariant under the following supersymmetry transformations
δQAµ = ǫ¯γµλ , δQφi = ǫ¯γiΓ9λ ,
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δQλ =
(
1
4
γµν Fµν − 12γ
µγiΓ9Dµφi +
1
2
γijφiφj
)
n/ ǫ . (39)
In these equations we have suppressed the SO(8) indices. A simple way to make
them explicit is to split the fermions into their left and right-handed SO(2, 2) chirali-
ties, and then to label the left (right)-handed gauge fermions with A (
•
A), and the left
(right)-handed supersymmetry parameter with
•
A (A), where A,
•
A = 1, ..., 8. For example,
δφi = ǫ¯A(γi)
A
•
A
λ
•
A − ǫ¯
•
A(γi) •
AA
λA, with the SO(2, 2) chiralities suppressed, but clearly cor-
related with the SO(8) chiralities.
The dimensionally reduced model also has an extra gauge symmetry under which only
the Aµ transforms: δAµ = Ωnµ. The model is a version of N = 4 super Yang-Mills that
has an SO(1, 1) ⊗ SO(8) bosonic symmetry, living in 2 + 2 dimensional spacetime.
We can perform a different kind of dimensional reduction to 2+ 2 dimensions, in which
again ∂i = 0, but with the null vector chosen as
(nµ) = (0, 0, 0, 1) , (ni) = (1, 0, ..., 0) . (40)
This will lead to a version of N = 4 super Yang-Mills which has SO(2, 1) ⊗ SO(7) bosonic
symmetry, but lives in 2 + 2 dimensions. It is straightforward to obtain the analogs of (38)
and (39) for this case, but we shall skip the details here.
4. Superspace Formulation
We have thus far established the component formulation for 12D supersymmetric Yang-
Mills theory. Our next natural task is to re-formulate the same system in superspace. We
have a chiral superspace with coordinates ZM , and supervielbein EM
A, where the tangent
space indices are A = (a,α) with a = 0, 1, 2, ···, 9, 11, 12 labelling the bosonic directions, and
α = 1, ···, 32 labelling the fermionic directions. We may of course have spinor superfields
that carry spinor indices of opposite chirality labelled by •α = 1, ..., 32 . We use the (anti)
symmetrization symbols such as ⌊⌈AB) with unit strength normalization in superspace. Our
superspace conventions are those of [11].
We proceed by defining the torsion super two-form TA = dEA, as can be read from the
superalgebra (2):
T c = eα ∧ eβ (σcd)αβ nd , Tα = 0 , (41)
where the basis one-forms are defined as eA = dZMEM
A. Hence, they satisfy
dec = eα ∧ eβ (σcd)αβ nd , deα = 0 . (42)
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We next define the Yang-Mills curvature super two-form F = dA+A2 as follows
F = eα ∧ eb [nbχα − 2(σbλ)α ] + 12e
a ∧ eb Fba , (43)
where we have introduced the chiral spinor superfield χα and the anti-chiral spinor superfield
λ •
α
. The presence of the two-form superfield Fab is as expected, and its zero-th order in θ
component is the usual Yang-Mills field strength. The presence of the spinor superfield λ •
α
is also as expected, and its zero-th order in θ component is the gauge fermion. However,
the occurrence of the spinor superfield χ is special to our model. It is needed for the closure
of the super two-form F , but it drops out of the physical field equations, as we will explain
further below.
Our task is to show that DF = 0, modulo the field equations and constraints of the
previous section. To this end, we also impose the following constraints on various quantities
occurring in (43):
nana = 0 , n
aFab = 0 , (44)
na(σa)α
•
βλ •
β
= 0 , na∇aλ •
β
= 0 , (45)
∇αλ •
β
= −1
4
(σcde)
α
•
β
Fcd ne , ∇(αχβ) = 12 (σ
ab)αβFab , (46)
∇γFab = 4
(
σ⌊⌈ a∇b ⌋⌉λ
)
γ
− 2n⌊⌈ a∇b ⌋⌉χγ . (47)
We now show that DF = 0. First, we observe that the terms in DF proportional to
eα ∧ eβ ∧ eγ vanish due to the identity
(σa
b)(αβ(σ
a)γ)
•
δ = 1
12
(σcd)(αβ(σ
cd σb)γ)
•
δ , (48)
together with the first of the constraints in (45). The superfield χα drops out automatically
in this sector. We next examine the terms in DF proportional to eα ∧ eβ ∧ ec. We find that
these terms vanish due to the constraints (46). It is in this sector that we find the need to
introduce the superfield χα. Next, we find that the terms in DF proportional to e
a∧eb∧eγ
vanish, due to the constraint (47). Finally, the terms proportional to ea ∧ eb ∧ ec vanish
trivially, due to the usual Bianchi identity D⌊⌈ aFbc ⌋⌉ = 0.
The constraints (44)-(47) encode the information about the supersymmetric Yang-Mills
field equations. We can use (47) to get the λ -field equation by evaluating the anti-
commutator {∇α,∇β}λ •γ in two different ways:
Tαβ
c∇cλ •γ = {∇α,∇β}λ •γ = 2∇(α
(
∇β)λ •γ
)
, (49)
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from which we find the gauge fermion field equation
(σa)β
•
γ∇aλ •γ = 0 , (50)
in agreement with (8). In this process we also see that the superfield χ disappears
completely, and it plays only a role of auxiliary superfield.
By taking a spinorial derivative of (50), we can get the Yang-Mills field equation
∇aF a⌊⌈ b nc ⌋⌉ + 12 (σbc) •α
•
β λ
•
αλ •
β
= 0 . (51)
Interestingly, the superfield χ disappeared completely also from this equation. We also
note that in deriving (51), we have used the following identity:
(σa)(α
•
γ (σa)β)
•
δ = 1
8
(σbc)αβ(σbc)
•
γ
•
δ . (52)
Finally, we mention the consistency related to χ -superfield. We can confirm the consis-
tency of {∇(α,∇β}χγ) = 2∇(α
(
∇βχγ)
)
by comparing the two sides, and see they actually
coincide after the use of the n -dependent constraints, as well as the identity (48).
5. Conclusions
In this paper we have given an explicit field theoretic realization of the 12D superalgebra
(2), in terms of supersymmetric Yang-Mills multiplet. The key to our construction is the
use of a constant null vector, as motivated by (2, 1) strings [7, 8]. The resulting model, of
course, lacks the full Poincare´ invariance in 10 + 2 dimensions, as expected in F-theory [1],
and as is evident from the underlying algebra (2).
We have shown that the ordinary dimensional reduction to 10D yields the usual su-
persymmetric Yang-Mills equations, while two kinds of ordinary dimensional reductions to
2 + 2 dimensions yield new kinds of N = 4 super Yang-Mills systems where the SO(2, 2)
group is broken down to SO(1, 1) or SO(2, 1), depending on the choice of the null vector,
in accordance with [7, 8].
We have also found the curious result that if we relax the restriction of ordinary di-
mensional reduction, we obtain, modulo global matters which may involve Wilson lines,
the 10D supersymmetric Yang-Mills system depending on the extra coordinate x+. This
dependence can be interpreted as a straightforward affinization of the Yang-Mills group,
which, however, appears to be redundant. The resolution of this issue may lie in finding a
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suitable action principle for our model, which is lacking at present. An appropriate super-
string or super three-brane action may also shed light on this issue, by providing the extra
information about the dependence of the target space fields on the x± coordinates.
We have also established the corresponding superspace formulation, in which we see the
necessity of the fermionic superfield χ that eventually disappears in the superfield equations
for physical fields.
A future direction to extend the present work is the construction of supergravity theories
in 10+2 dimensions. A hint to the structure of these theories may come from the requirement
of κ-symmetry of a possible Green-Schwarz type action in curved superspace. One approach
would be to lift the 10D heterotic string action to 10+2 dimension by utilizing a null vector.
However, a more satisfactory approach might be the construction of a three-brane action
in which a 2+2 dimensional worldvolume is embedded in 10+2 dimensional spacetime. In
either case, a curved superspace version of the flat superspace with a null vector described
here may be relevant. We are currently investigating these issues.
In conclusion, we stress that the 12D model presented here provides a unified description
for a variety of interesting supersymmetric field theories that can be obtained by dimensional
reduction. As far as F-theory is concerned, although its low energy limit is not known with
certainty at present, we hope that our results will be of relevance to this intriguing problem.
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